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tJQf Abstract. 

^ ■ We proposed a six dimensional string-like braneworld built from a warped product 

between a 3-brane and the Hamilton cigar soliton space, the string-cigar braneworld. 
This transverse manifold is a well-known steady solution of the Ricci flow equation that 
describes the evolution of a manifold. The resulting bulk is an interior and exterior 
metric for a thick string. This is a physical and feasible scenario since the source 
satisfies the dominant energy condition. It is possible to realize the geometric flow 
as a result of variations of the matter content of the brane, actually, as its tensions. 
Furthermore, the Ricci flow defines a family of string-like branes and we studied the 
effects that the evolution of the transverse space has on the geometric and physical 
quantities. The geometric flow makes the cosmological constant and the relationship 
between the Planck masses evolves. The gravitational massless mode remains trapped 
to the brane and the width of the mode depends on the evolution parameter. For 
the Kaluza-Klein modes, the asymptotic spectrum of mass is the same as for the thin 
string-like brane and the analogue Schrodinger potential also changes according to the 
flow. 



PACS numbers: ll.10.Kk, 11.27.+d, 04.50.-h, 12.60.-i 
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1. Introduction 

In the recent years it has been given much attention to the possibilities and 
consequences of the extra dimensions. In a five dimensional manifold, the Randall- 
Sundrum (RS) models [U [2] not only explained the hierarchy between the Planck mass 
Mp and the Electroweak mass Mew but also predict a small correction to the Newtonian 
potential. The cornerstone of these models is the warp product between the brane and 
the transverse manifold to the brane. 

In six dimensions, these warped models are even more rich. Indeed, the two 
dimensional transverse space has its own geometry, curvature and symmetries. For 
instance, a cylindrical symmetric space exterior to a string is conical with angular deficit 
proportional to the tension of the string [3], EH El El [7J |8] . In this matter many authors 
contributed in recent years. Cohen and Kaplan proposed a warped solution between a 
flat brane and a cylinder produced by a global string [9 J . This solution has a singularity 
far from the brane, what produces an effective compactification. Gregory [10] has found 
a regular and stable solution allowing a time dependence on the bulk geometry and 
adding a negative cosmological constant. Olasagasti and Vilenkin [3] studied a large 
class of exterior solutions produced by a global defect for all values of bulk and brane 
cosmological constant. On the other hand, Oda [llj has extended the warped product 
between a (p — l)-brane and a hypersphere whereas Carlos-Moreno proposed a warped 
solution which converges asymptotically to a cylinder, the so-called cigar-like universe 

In Gherghetta-Shaposhnikov (GS) model [8], an infinite thin string-like brane is 
embedded in a six dimensional static and axisymmetric bulk. In opposite to RS models, 
where the brane cosmological constant must be adjusted to the bulk cosmological 
constant, the hierarchy problem is solved using only the ratio between the bulk 
cosmological constant and the string tension. Moreover, the massless and massive 
graviton modes are localized in that thin brane and it is possible to resolve the boundary 
singularity by string methods and apply the AdS-CFT correspondence [13]. However, 
as pointed out by Tinyakov and Zuleta [H] , the thin limit of the string like brane yields 
a source breaking the dominant energy condition. 

Some authors proposed different solutions that do not possess this issue. 
Giovannini-Meyer-Shaposhnikov proposed a string like braneworld builded from an 
Abelian vortex. They founded by numerical means a static, regular and complete 
(interior and exterior) solution satisfying the dominant energy condition [15]. Bostok et 
al [16] and Kofinas [171 HH] proposed string-like defects with higher-order corrections. 
Kanno-Soda [19], Navaro et al [201 EE], Papantonopoulos [221 [23], Cline et al [21], and 
Vinet-Clinet [25] proposed different thick string-like models and they studied mainly 
the cosmological consequences of these scenarios. 

The models described above has two common features: the brane has an azimuthal 
symmetry about to the transverse space and the brane is generated by fields with fixed 
physical parameters. In six dimensions, the bulk is builded from a warped product 
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between the brane and a disc. Once the exterior geometry reflects the physical properties 
of the string source, we argue that a geometric flow in the transverse space can be 
understood as a result of variation of physical parameters of the string. 

In this spirit, we propose a complete, regular and static string-like solution. Instead 
of the disc, we have taken the warped product between the brane and Hamilton cigar 
soliton, and we called the resulting solution as a string-cigar. The Hamilton cigar is a two 
dimensional regular manifold, conformal to the disc and asymptotically flat [26]. This 
space is called a cigar due its cylindrical symmetry whose radius vanishes at the origin 
and it converges asymptotically to a cylinder (cigar-shape) [27]. The name Hamilton 
soliton is due this manifold be a self-similar solution of the Ricci flow equation, first 
discovered by Richard Hamilton [28J. In another context, the Hamilton cigar soliton 
was also studied by Witten as a target space in String theory [29] . 

The Ricci flow is a geometric flow of a manifold, where its metric evolves with 
some dimensionless parameter, according to a diffusion partial differential equation 
[261 EZl EHl EOl EU [321 [331 [311 EHl E6]. This equation is used to study the final manifold 
that some initial manifold can reach evolving under this equation. Ricci flow was first 
proposed by Hamilton [30J in order to prove some the Poincare conjecture [321 [351 36J . 

The Ricci flow has also applications in Physics [37]. In sigma models, the flow 
represents a first order approximation to the renormalization flow in the target space 
[381 f39l I4TR E]. In Euclidean gravity, the Ricci flow can be used to prove the existence 
of Black hole solutions [12]. Moreover, since Arnowitt-Deser-Misner (ADM) mass is 
invariant under Ricci flow, this flux can be used to prove some statements about the 
asymptotic behavior of the curved space-times [15] . In three dimensional topological 
gravity, the Ricci flow is useful to study the decay of massive gravitons [44]. 

The choice of the Hamilton cigar as the transverse space yields an interesting 
extension of the GS model. On one hand, the string-cigar solution is defined inside 
and outside the string defect. This enable us to study correction of GS model due the 
effects near the brane and inside the core of the string. For instance, this thick string 
solution is a physical scenario since its source satisfies the dominant energy condition. 
Besides, none of the string tensions is zero inside the core and the relationships between 
them, that define the Tolman mass and the angular deficit, depend on the string width. 

On the other hand, since the cigar soliton depends on an evolution parameter, 
we have a parameterized solution reflecting the changes of some physical parameters. 
This allow us to study the effects that variations of the sources has on the geometric 
and physical quantities. In five dimensional braneworlds, parameter-dependent domain 
walls are obtained by means of the deformed potentials [45l 146] . In six dimensions, 
we proposed an exterior string solution evolving under a resolution flow, where the 
parameter comes from the 2-cycle of the resolved conifold as the transverse space, a 
well-known smoothed orbifold of string theory [47J SHJ HHJ EH1 ED E2] . 

Furthermore, the massless gravitational mode is normalizable and the KK modes 
differ from the GS model only near the brane. Moreover, the relationship between the 
Planck masses also evolves upon the geometric flow. This could result in some interesting 
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particle physics effects. In fact, the hierarchy between the weak and Planck scale would 
depends on the geometrical changes of the extra dimensions. 

The task of find complete string solutions is hard since it is needed to solve a system 
of coupled differential equations for the interior and exterior region and then matched 
them [7J IHJ HI E]. The known solution have been performed numerically pj3 Ell 112] . 
Therefore, the use of a Ricci flow solution as a transverse space can also be an useful 
tool to obtain new solutions (analytically or numerically) and to study their stability. 

The analysis of the effects on the braneworlds due non-standard transverse 
manifolds has already been addressed before in the literature. Indeed, Randjbar- 
Daemi and Shaposhnikov has assumed the transverse manifold as a Ricci-flat or an 
homogeneous space and they obtained trapped massless gravitational modes and chiral 
fermions as well [53]. Kehagias proposed a conical tear-drop whose conical singularity 
drains the vacuum energy to the transverse space, explaining the small value of the 
cosmological constant |54] . Further, Garriga and Porrati has shown the absence of self- 
tuning in compact six-dimensional braneworld taking a football-shape transverse space 
|55j . Gogberashvili et al has achieved three-generation for fermions on a 3-brane whose 
transverse space has an apple shape [56]. In analysis of fermions, Duan et al proposed 
the torus as a transverse manifold [57]. Some authors also have studied the field behavior 
for a transverse manifold as the smoothed versions of the conifold, the resolved [52] and 
deformed [581 ESJ [60] . 

Another non-standard solution is the so-called cigar-like universe where the 
transverse space has a cylindrical shape whose radius shrinks as we move toward the 
brane [12] . The cigar-like universe interpolates between a interior solution (with conical 
behavior) and an exterior solution (AdS§ x S 1 ). The string-cigar solution is also defined 
inside the core of the string-like brane and but it converges to a AdS§ space far from 
the brane. 

The paper is organized as follows. In section II, we have made a review of the 
definition, basic properties, important solution and physical application of the Ricci flow. 
Further, we defined the Hamilton cigar and sketched its basic properties. In section 
III, we builded the bulk geometry and we studied the main geometrical properties. 
Furthermore, we analyze the Einstein equation, the corresponding energy-momentum 
components and string tension and we studied how the hierarchy between mass scales 
changes with k. In section IV, we studied the behavior of the massless and massive 
gravitational modes upon this flow. In section V, some conclusions, final remarks and 
perspectives were outlined. 

2. The Ricci flow and the Hamilton cigar soliton 

In this section we shall discuss about the definition and the main geometrical and 
physical properties of the so-called Ricci flow and of one of its solution, the Hamilton 
cigar soliton. 

Let (MD,g\) a D-dimensional manifold with a Riemannian metric g\, A G M. 
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For each A, the manifold Mu has a distinct local geometry. Suppose it could pass 
continuously from one configuration to another through the partial differential equation: 

= -2JWA). (1) 

This geometric flow is called the Ricci flow due the Ricci tensor be the responsible for 
driven the "evolution" of metric tensor. 

The self similarity is a key property of Ricci flow. Indeed, consider a scale 
transformation on the metric tensor 



9(x,X)=(g(x,^\. (2) 

Since both || = J| and R^ = R^ then the Ricci flow equation is unaltered through 
scale transformation. Scale invariance provides a relation between Ricci flow and RG 

flow jag E2JE5J Ens?]. 

Another important feature of the Ricci flow it that it tends to shrink manifolds 
of positive scalar curvature and stretches those of negative curvature. Indeed, for the 
sphere 

Rij = (n- l)gij. (3) 
Under the Ricci flow, the metric evolves as [261 [27] 

g(X) = (l-2(n-l)X)g (S n ). (4) 

Since for A/ = 2 (n-i) ^ #C\f) = ^> ^ ne sphere is contracted to a point in a finite time. 
For the hyperbolic space HP, an Einstein space of negative curvature whose Ricci tensor 
is given by R^ = — (n — l)<7y, the space expands infinitely. 

An extension of Einstein spaces are the so-called gradient Ricci solitons that satisfy 
the equation [2SJ [27J EHJ ESI EE] 

Rij + ViVj/ = Cgij, (5) 

where the function / is called the potential of Ricci flow. 

There are three different kinds of gradient Ricci solitons. For Q = the solutions 
are called steady; if £ < we have an expanding Ricci soliton and for ( > a shrinking 
soliton. In this article we will focus on a special steady solution called the Hamilton 
cigar soliton [26l |27] . 

The steady solitons have the remarkable property of being extremes of the Perelman 
energy. Indeed, the Perelman energy functional is defined as [261 12Z1 [351 EE] 

?(g,f)= [ (R+\Vf\ 2 )e-f^g(Fx. (6) 

J M 

Note that the Perelman energy functional is the Euclidean version of the low energy 
supergravity action for the gravitational and dilaton fields 
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The Hamilton cigar Q 2 is a two dimensional steady solution of the Ricci flow 
equation ([I]), where 

d4 = W ^ ) (d^ + rV), (7) 

and r G [0, oo), 9 G [0, 2ir], A G (-oo, oo) [2H [23 ESI E3- 

The metric ([7]) above defines a family of conformal metrics to the disc. Using a 
new variable defined by r = e 2A sinh p, the metric ([7]) yields to 



ds 2 = dp 2 + tanh 2 pd# 2 . (8) 

The metric ([H]) has been studied by Witten as a target space metric on sigma models 
[29]. 

The scalar curvature of cigar soliton is 

R = 4sech 2 p = 4— — . (9) 

H r 2 + e 4A v ; 

Therefore, that manifold has an everywhere non-negative scalar curvature and it 

converges to a cylinder asymptotically, and that is why it is called a cigar. 

It is worthwhile to mention that the metric ([7J is dimensionless. In order to leave 

it with its right dimension, [g] = L 2 , we introduced the constants Rq and c , with 

dimension [Rq] = [c] = L, yielding to 

c>2 

^= (c2e4 ? +r2) (^ 2 + rW). (10) 
Now let us make the replacement 

ce 2X = a. (11) 

Since A G [— oo, oo) =>• a G [c, oo) and hence a has dimension [a] = L. As c can be any 
non zero real number, the parameter a is defined in the range (0, oo). The parameter a 
defines a family of two-dimensional manifolds and the variation of a defines a flux from 
one to another. 

In order to leave the metric ( FlOl) in a simpler form, let us make the change of 
variable 

r = a sinh hp, (12) 

where k = jfc- Since the flow have only one free parameter, we must relate a with k. 
Thus, let us choose k = - =>■ Rn = a. Hereinafter, we shall call k as the evolution 
parameter. 

The change ( I12p yields the metric f lTU]) to the neatly form 

dsl = dp 2 + ^r tanh 2 kpdO 2 . (13) 
k 2 

Henceforward, we shall use ( lT5j) as the cigar soliton metric. 
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3. Bulk geometry 

Once described the geometry of the Hamilton cigar which we will use as a transverse 
space, let us build a six dimensional bulk M 6 of the form M 6 = M 4 x C 2 , where C 2 is 
the Hamilton cigar described in the last section and the M4 is a 3-brane embedded in 
M 6 . 

The action for the gravitational field is 

S 9 = j M - A + Lr^j V^d 6 X, (14) 

where K$ = and Mg is the six- dimensional bulk Planck mass. Note that in this 
convention, the bulk cosmo logical constant A has dimension [A] = L -6 = M 6 . 

Now, let us propose the following warped metric between the 3-brane and the 
Hamilton cigar, namely [U [151 [TTJ [3j [12] 

dsl = a(p, k)g lMV {x e >)dx> J -dx v + dp 2 + 7(p, k)d9 2 , (15) 

where 

a(p,k) = e -(^- tanhfc ") (16) 

and, 

1 2 

l(p,k) = —(tanhkp) a(p,k). (17) 




Figure 1. Warp factor. For 
the string-cigar (thick line) and 
for the and cigar-like universe 
(dashed line). 



Figure 2. Angular metric 
component. For exterior string 
defect (dashed line) and for the 
string-cigar model (thick line). 



This ansatz has a cylindrical symmetry about the 3-brane that lies in the point 
r = 0. Furthermore, this metric represents a space-time inside and outside a string-like 
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defect. Indeed, the warp factors satisfy the usual string- like conditions for regularity at 
the origin [H [151 EHJ E| , namely 

o-(O) = l,cr'(0) =0 (18) 

7 (0) = 0,(Vt)'(0) = 1, (19) 

where the prime (') denotes the derivative according to p variable. On the other hand, 
since linip^ootanhp = 1, that ansatz asymptotically goes to the string-like exterior 

solution p ei nni m da m qsj. 

The advantage of the metric ansatz proposed in (JTBjl . and (fTT|) is that it provides 
geometric information for points inside the core of the string defect, near and far from 
the brane. For core of the string we understand the region close to the string where 
the energy-momentum tensor is more intense while the far region is the vacuum. Since 
the energy-momentum decays slowly, there is an intermediary region, called near the 
string, where the energy and momentum densities interpolate between those values. As 
pointed out by many authors [U El El [7], the geometrical and physical properties are 
quite different on each region. 

Close to the origin (in the core), the warp factor and the angular metric component 
has a Z2 symmetry. It is worthwhile to say that the angular component has a conical 
behavior near the brane and decays exponentialy far from the brane. 

The warp factor has the same behavior of another axial complete solution called 
cigar-like universe [12] . However, the angular metric components agree only in the core 
of the string, where j(p) ~ p. Far from the brane, the cigar-like geometry approaches 
to a cylinder whereas the string-cigar angular component tends to zero. 

The scalar curvature for the metric ansatz (fl5|) is 

R r 15 ] 

= k 2 — tanh 4 kp — 16 tanh kpsech 2 (kp) — 4sech 2 (A;p) . (20) 

a L 2 

The scalar curvature is sketched in the fig. for R — 0. Even though the 
angular metric factor shrinks the radius of the transverse circle the space-time has no 
conical singularity at the origin. Inside the core of the string, the space-time has a 
positive scalar curvature that increases until reach a value and then decreases. Near 
the brane, the curvature turns to be negative and still decreasing. In the far region, 
the scalar curvature reaches a constant and negative value what signals the space-times 
is asymptotically an AoISq manifold. Besides, as more the value of parameter k more 
the value of the curvature near and far from the brane. The dependence of the scalar 
curvature on the parameter k is related with the k-dependence on the cosmological 
constant, as we will see in the next section. 

The geometric properties of the string-cigar solution is similar to the vortex solution 
found in [15]. Indeed, the metric components, scalar curvature and Ricci tensor have 
the same behavior. 




Figure 3. Bulk scalar curvature. The manifold is smooth everywhere and it 
approaches to a AdSe asymptotically. 



3.1. Einstein equations 

In this section we shall study some physical aspects of string-cigar geometry, e.g., the 
components of energy- momentum tensor, the value of the cosmological constant, and 
the string tensions, through the Einstein equation. 

First of all, let us assume a cylindrical symmetry ansatz for the energy-momentum 
tensor 



V> = (21) 
T? = t r {r), (22) 
T$ = te(r). (23) 



where, 



2 dL 



-ab 



dg 



ab 



The Einstein equations are 



, cr \ 5 f a'\ 2 lk , ss 2K 4 A 4 



(24) 



R 

Rab - —g a b = -K 6 (Ag ab + T ab ). (25) 
The Einstein equations for the metric ansatz in eq. (fl5|) are [8] 

K0 + l(7) ,+ 5^^g) ,+ K?)' 

= -K 6 (A + t (p)) + ^, 

a 

3 fa'V a'i T ^ IK , SN 2K 4 A 4 
2 \ o~ / cr 7 cr 
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where, we have used the prime (') to represent the derivative j-. Furthermore, the 
four-cosmological constant on the 3-brane satisfies 

R P v-^ = -KJUg^, (29) 

where, K± = jp. However, we have chosen a metric ansatz where lim^oo o~(p) = 0, and 
then the Einstein equations will blow up at infinity. Some authors solved this question 
by allowing a width to the brane and modifying the warp functions [T9 [ 120 1 |2T | |22 | |23~ 1 125] 
or adding higher-order terms [T6J [TTl [18] - Here, following the flat-brane configurations 
P EEl El S3], henceforward we shall set A 4 = 0. 

Using the metric ansatz ffl5|) . we have found the components of the energy- 
momentum tensor, namely 

k 2 f 13 5 \ 

to(p,k) = — ( 7sech 2 kp + — sech 2 A;ptanh kp — -sech 4 A;p) (30) 
K 6 V 2 2 / 

k 2 ( 5 \ 

t p (p, k) = — [5sech 2 kp + 2sech 2 /cptanh kp sech 4 A;p) (31) 

K g V 2 / 

k 2 / 5 \ 

tg(p,k) = — ( 5sech 2 kp + 4sech 2 /cptanh fcp — -sech 4 A;p). (32) 
i\ 6 V 2 / 

These functions was plotted in figure (j3J). It is worthwhile to say that all the components 
have compact support near the origin where the 3-brane is placed. Furthermore, the 
components satisfy the dominant, strong and weak energy condition that turn this 
geometry a physical scenario. 

Besides, from the graphic we can define the core, near and far zones. Indeed, for 
p > 3 the components of energy-tensor are almost zero. Then we can define this region 
as the vacuum (far zone). For p w 1.5 all the components reach half of their maximum 
value and then, for < p < 1.5 we define a zone as the core of the string defect with 
width e m 1.5. The intermediary region is the so called near zone. Note that for p pa 1.5 
the angular metric component, the scalar curvature and the Ricci tensor squared have 
a change of behavior. 

It is worth mention the behavior of the energy-momentum tensor in the core of the 
string-cigar solution is similar to one found in [15] for a vortex solution with widding 
number n = 2. Indeed, the components grow from the origin reaching a maximum and 
then they decay. 

Moreover, since the components of energy momentum tensor depend on the k, the 
maximum value of these functions also depends on the evolution parameter. Then, the 
geometric flow alters the width of the string core e. 

Another consequence of this geometry is that the bulk has a negative and parameter 
dependent cosmological constant. Indeed, constant k is related with the cosmological 
constant of the bulk by the well-known relation [HI [TTj 

fc 2 = _H^A=^A = A(Jfe). (33) 
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Figure 4. Components of energy-momentum tensor. The density of energy (thick line) 
is always greater than the angular pressure (dotted line) and radial pressure (dashed 
line). 

Therefore, the geometric flow represents a variation of the bulk cosmological constant. 
This is an expected result since the asymptotic value of scalar curvature depends on the 
evolution parameter k and R = 3A. 

3.2. String tensions 

In this subsection we studied the effects of the geometric flow has on the string tensions. 
We also have shown that these quantities depend on the string width. 

We defined the 4-tension per unit of volume of the 3-brane as [U, [TTJ [HI [15] 

/•oo 

lk(k)= / U(p, k)a 2 (p, k) a/ 7(p, k)dp 
Jo 

1 f°° 

= -/ U{p,k)e-* ( fc "- tanh ^ tanh kpdp. (34) 
k Jo 

Note the string tensions are all finite, smooth and have compact support around the 
brane, as expected. Moreover, the higher the value of the k more located are the 
tensions. This indicates the string width e varies with k. 

It is worth mention here that the geometric flow is related to a variation of physical 
quantities, as the string tensions. Therefore, let us see how the string-cigar solution 
alters the Tolman mass and the string angular deficit computed in the GS model. Once 
the energy momentum tensor vanishes smoothly, we shall consider the integration range 
[0, e], where e is the width of the core. From Einstein equations we obtain 

(^Vt)!^-^ + ^ + ff2 ^- 4A 4| (35) 
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and 

1 / 1 3 A f e f € \ 

o- 2 (Vr)'lo = -Jf4 ( (Po + 4^ _ 4^) + 2J °*V7 d P ~ Ai J Q a V^ d PJ ■ ( 36 ) 

The term \i p + fj,g is known in the literature as the Tolman mass of the string 
|H EJ EH] ■ Thus, eq. fl35|) tell us the Tolman mass evolves with the evolution parameter 
k and it depends on the bulk and string cosmo logical constant. Since eq. ([55]) depends 
on the derivative of the angular metric component, it provides a measure of the angular 
deficit of the exterior space-time surrounding the string [H [SJ [T3j. Then, the angular 
deficit also depends on the cosmological constant terms. 

From eqs. ( |35l) and ( |36l) we obtain the relation 

(Mi-fie = M 6 4 tanh 3 (ke)a^(e). (37) 

The relationship ( 137|) is analogous to that in GS model [8]. Nevertheless, in string-cigar 
solution, the relation depends on the cosmological constant (k) and on the string width 
e. 

Those consequences are due the nonzero value of the core width and they are valid 
even for the flat-brane A4 = 0. Indeed, for the GS model, i.e., for the thin string limit 
e — > 0, the terms of cosmological constant drop out of the equations (|35|) and (136|) . In 
this limit we do not need tune the brane cosmological constant to the bulk cosmological 
constant, as in RS models [U EJ. Although, as shown in [14], the thin string limit 
contradicts the dominant energy condition. 



3.3. Mass hierarchy 

In the last subsection, we have seen that string tensions, including the string mass, 
depend on the evolution parameter k. In this section we have analyzed how the geometric 
evolution alters the relation between the bulk and brane mass scale. 

In this geometry, the relationship between the four-dimensional Planck mass (M 4 ) 
and the bulk Planck mass (Mq) is given by 



i>oo 

Ml = 2vrM 6 4 / a{p, k) y/>y(p, k)dp 
Jo 

POO 

/ e-^ kp - tanhkp hanhkpdp. (3* 
Jo 



_ 27rM f 4 rx 
~ k 

Since all the metric components are limited functions, 



roc 1 

/ e-^ kp - tanhkp) tanh k pdp ^ -. (39) 
Jo k 

Then, M| w 2-itMq-^. Hence, this geometry can be used to tune the ratio between the 
Planck masses, explaining the hierarchy between them. 
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Note, however, that the relationship between the Planck masses depends on the 
evolution parameter k. Hence, a evolution of the bulk geometry could alter the hierarchy 
between the fundamental forces. For large value of k, the brane Planck mass is smaller 
than the bulk Planck mass. In order to obtain M4 3> M 6 , we must do k — > 0. This is an 
extension of the GS tuning of the Planck masses [HI EH] for points inside and near the 
core. Indeed, for points outside the string core, i.e., for p — >• 00, the hyperbolic function 
tanh kp « 1, and we obtain the GS mass tuning [Sj. 

4. Gravity localization 

Now let us study the localization of small perturbations of the background metric in the 
geometry analyzed so far. The perturbation is such that 

dsl = (a(p, k)rj^ v + h^p, k))dx^dx u + dp 2 + j(p, k)d9 2 . (40) 

The equation of motion for the perturbation is 

□eV = daW^rf^dth^) = 0. (41) 

Let us assume that the symmetric tensorial field is a product of a 4-component 
field with Poincare symmetry on the 3-brane and another scalar field living only in 
the transverse space, i.e., 

h^{x^p,6) = h^)~4>{p,e). (42) 

From Poincare symmetry the tensorial field on the 3-brane must satisfies the 
mass condition 

□ 4 V(a; c ) = -m 2 4>(x»). (43) 
Since < 9 < 2ir, let us assume that <p(p, 9) can be expanded in Fourier series as 

00 

kp,0) = x(p)Y, elW - ( 44 ) 
1=0 

Using the ansatz (JHJ, eq. fl4"T|) yields the differential equation for the transverse 
component 

(aly^V))' + (rn 2 - D X (P) = 0, (45) 

where /3(p,k) = t -^^. 

Equation (j4"5l) is a Sturm-Liouville like equation. Further, let us looking for 
solutions that satisfy the boundary conditions [S] 



X'(0) = lim x\p) = 0. 

p— >oo 



(46) 
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Given two solutions of eq. (H5|) . namely Xi(p) an d Xj{p)i the orthogonality relation 
between them is given by 

roc 

/ a(p,a)*y/P(p, k)x*Xjdp = 6^. (47) 
Jo 

We can rewrite eq. ( 145]) as 

"•w + (§7 + 5f)^ + K m, -?) x(p) = - (48) 

Note that equation (1481) is similar to that found in string-like geometries [SJ ITT] , 
regardless the cigar term j3(p, k). Besides, we could define an effective angular number 
l e ff = -pjr- k ^ which would depends on the distance from the brane and on the resolution 
parameter. 



4-1. Massless mode 

For m = 0, a constant function is a solution of eq. (1481) . Thus, from orthogonality 
relation (I47p . we can define the zero-mode as 

Mp , k) = N„ M i(^f, (49) 

where 

= (^flf ip . (50) 

Since the massless mode has compact support, as can be seen in the figure it 
is normalizable and then, we claim that the gravitational field is trapped around the 
string-like 3-brane. 



4-2. Massive modes 

Now let us study the KK modes of eq. (T4H1) . Using the expressions for the metric factor 
yields 

x » + [_| +fa rf (M (| + ]y +e (~. ( m . _ _«L.) x = o. ,5i) 

In the limit p — >■ oo (vacuum), eq. (I5T1) turns to be 

X" ~ fx' + e^" 1 K - i 2 ) X = 0. (52) 

Equation ( |52|) is analogous to the massive modes equation of GS model [8] with a mass 
term rescaled as m — > e~m. The solution of eq. (|52l) can be written in terms of the 
Bessel function as 
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Figure 5. Gravitational massless mode. This zero- mode is trapped to the brane for 
any value of k. Indeed, for r > 3, the eigenfunction has an exponential decreasing 
behavior. In addition, the higher the value of k higher the rate the massless mode 
vanishes. Besides, at the interior of the string, the lower the value of k the higher the 
amplitude of the eigenfunction. 



x{p) 



5fcp 

e 4 



C\Js 



2m' kp 

e 2 



+ C 2 Ys_ 



2m! kp 

e 2 



(53) 



k J 2 \ k 

where m! — t=. Therefore, we argue that, for asymptotic points, the Kaluza-Klein 
spectrum is similar to the GS model [8]. 

In the limit p — > 0, i.e., for points close to the brane, let us make the change of 
variable x : [0, 00) — > [0, 1] given by 

x = tanhfcp (54) 

y( x ) = x(p) (55) 

That transformation allows that eq. (15T|) can be expressed as 



y"(x) + 



Ax — 5x 3 



^x 2 + 4 



2x{\ 



x 



2\2 



g(— x+tanh 1 x) 

y'( x ) = — m — ^-tfy{ x )- 



X 



Let us looking for the solution of eq. ( 1561) in a Taylor series form 



(56) 



, s //x 2/"(0) 2 2/^(0) , y w (0) 
y(x) = y(0) + y'{0)x + ^-^x 2 + y ! x 3 + y A ) J x* + 



j + y_^ x ^ + y^P_ x 5 + 0{xe) (57) 

2 3! 4! 5! v ; v ; 

From the boundary conditions expressed in eq. (|46l) . we obtain y'(0) = 0. Substituting 
the resulting series on the differential equation fl56|) and retaining only terms up to 0(x 4 ) 
we obtain the approximated solution 
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y{x) = y(0) (l - ^ + ^ 2 uo 12) x 4 - . (58) 

Hence, the massive mode is smooth in the core and near the brane. 
4-3. Analogue quantum potential 

Another way to study the massive modes lies on turn eq. ( HHj) into a Schrodinger-like 
equation and study its analogue quantum potential [9]. 

Firstly, let us perform the change of variable z = z(p), namely 

z = z(p) = J P a'^dp. (59) 

Furthermore, let us write x( z ) i n the form 

X {z)=u{z)^{z). (60) 



Making 



the ty(z) function must obeys 



u 2 \ o 2 p 



+ U{z)^{z) =m 2 ty{z), (62) 

where 

U{z) = * + 2o-p-M\p) + T (63) 

Equation ( 1621) is a time-independent Schrodinger-like equation. We can study the 
localization of the scalar field by analyzing the behavior of the potential around a 
potential well. Returning to p coordinate the potential can be written as 

u{P , kJ)= ^ + u^\^(m-i(^ + i J") + 'i 



a 2\aJ a \8 J 16 V P J 4/3/ j3 

= tf e -V<P-*»*hi>) ( 3 tanh 2 kp - -sech 2 A;ptanh kp - i^!^ _ sech ; 

V2 H 4 H H 4tanhA; / 9 

+ (kl) 2 \— . 

tanh kp 

The Schrodinger potential is plotted in fig. OH]) for 1 = 0. It is worth mention that there 
is a potential well and a barrier around the origin where the 3-brane is. Therefore, there 
are massive modes trapped to the brane. 
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k=3 
k=2 
k=l 



Figure 6. Potential for the linear warp factor. The graphic has a well-known shape 
called volcano potential for any k. The higher the value of k more high is the barrier. 



5. Conclusions and Perspectives 

In this work we have found an interior and exterior gravitational solution for a string-like 
brane in six dimensions. The metric was build from a warped product between a 3-brane 
and a two dimensional manifold called Hamilton cigar soliton. Since the cigar soliton 
is a parameter dependent manifold with cylindrical symmetry, that solution enable us 
to study the effects of variations of string-like brane configurations has on the physical 
quantities of the braneworld scenario, as the gravitational field, the relationship between 
the masses scales and so on, without break the own string-like cylindrical symmetry. 
Further, since that solution is valid for both interior and exterior region to the string-like 
brane, it provides an improvement on the analysis of the behavior of the fields inside 
and near the brane. 

The bulk possesses a cosmological constant depending on the cigar parameter, also 
called evolution parameter. Thus, the bulk converges asymptotically to a constant 
curvature manifold which scalar curvature depends on the evolution parameter. Besides, 
the energy momentum tensor also depends on the evolution parameter, satisfying the 
weak, strong and dominant energy condition for any value of k. Those conditions show 
the string-cigar solution is a physical scenario of a string-like brane with parameter- 
dependent tensions. 

Another physical consequence is the parametrization of the relationship between 
the mass scales of bulk and brane. In order to take M 4 3> M 6 , k must be taken quite 
small. However, allowing k to vary keeping M 6 fixed, the brane mass scale would vary 
which leads to both particle physics and cosmological consequences. 
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The differences between the string-cigar solution and the GS model arise due the 
former be a thick brane solution while the latter is a thin solution. As a result, the 
relationships between the string tensions, that define the Tolman mass and the angular 
deficit, depend on the bulk cosmological constant and on the width of the core. 

We have also studied the gravitational perturbations on that scenario. Since the 
volume of the transverse manifold is finite, the massless mode is trapped to the 3-brane 
for any value of the evolution parameter. In the interior and exterior regions but close 
to the brane, as higher the value of the evolution parameter higher the amplitude of the 
massless mode. For the Kaluza-Klein modes, the eigenfunction converge to the usual 
vacuum solution of GS model written in terms of the Bessel functions and then it is 
trapped to a brane up to a cutoff. The KK spectrum also depends on the evolution 
parameter since the KK mass depends on the cosmological constant. Nevertheless, 
the KK spectrum shift for a same amount since it depends only on the cosmological 
constant. The localization of the massive modes can also be inferred from shape of the 
analogous Schrodinger-like potential. Indeed, there is a potential well and a potential 
barrier around the brane. Hence there are massive modes trapped to the brane due the 
potential barrier. 

This article opens new perspectives to develop. We showed that steady geometric 
flows on the transverse manifold can be interpreted as a result of variation of the Higgs 
mass or its vacuum expectation value. Therefore, for the transverse space evolving 
under a general Ricci flow, it would be interesting investigate what physical quantities 
of the brane would be changing. For other fields living in that geometry, we could 
study the effects that the evolution parameter has on their properties, as well the 
behavior of these fields on the region inside and near the string-like brane. Indeed, 
we could find for fermions, for instance, some geometrical Yukawa potential or some 
different fermion generations. Since the brane has parameter dependent tensions, 
another possibility would be study the cosmological consequences of the geometric flow 
has on the brane. Besides, the string-cigar extends the cigar-like universe due the 
presence of the cosmological constant. Then, a useful study could be deduce the string- 
cigar from a Kahler potential, as done for the cigar-universe. 

The authors would like to thank Conselho Nacional de Desenvolvimento Cientifico e 
Tecnologico (CNPq) and Coordenagao de Aperfeigoamento de Pessoal de Nrvel Superior 
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